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Figure 6: The parameter space for δ=0.065, κ=0.0265, ρ=0.03 and σ=4.
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and then substituting (33) in (17) yields steady state hours worked:

u∗ =
(1− α + β)(κ + (ρ− n + γε− κ)σ) + (1− α)γκσ

(1− α + β)(1 + (ρ− n + ε)σ)− βκσ
, (34)

in (19) yields steady state consumption:

c̃∗ =
[

1
α

(δ + ρ +
κ

σ
)− n− δ − κ

]
k̃∗, (35)

and (20) yields steady state physical capital:

k∗ =
(

ασ

κ + (ρ + δ)σ

) 1
1−α

, (36)

all in terms of the steady state growth rate κ.

Clearly from (36), if α,δ,κ,ρ, and σ are all positive, k∗ > 0. We redefine the parameter space

Θ̄: θ̄ ≡ (α, β, γ, δ, ε, κ, ρ, σ, n) , and θ̄ ∈ Θ̄, where Θ̄ = R2
++ × R4

+ × [0, 1)3 and define the subsets

Θ̄1, Θ̄2, Θ̄3 ⊂ Θ̄ :

Θ̄1 ≡
{

θ̄ ∈ Θ̄| ρ > n− γε− (1− α)γκ

1− α + β
− 1− σ

σ
κ

}
, (37)

Θ̄2 ≡
{

θ̄ ∈ Θ̄| ρ > α(n + δ + κ)− δ − κ

σ

}
, (38)

Θ̄3 ≡
{

θ̄ ∈ Θ̄| ρ > n− ε +
βκ

1− α + β
− κ

σ

}
. (39)

Proposition 5 If α 6= β, the necessary and sufficient condition for the existence of an interior

balanced growth path is: θ̄ ∈ Θ̄1 ∩ Θ̄2.

Proof: From (33), ν > 0 iff θ̄ ∈ Θ̄1. From (34), u∗ > 0 iff θ̄ ∈ (
Θ̄\Θ̄1

)∪ Θ̄3. However Θ̄3 ⊂ Θ̄1. Fi-

nally, from (35), c̃∗ > 0 iff θ̄ ∈ Θ̄2. ¥
We further subdivide Θ̄1 and Θ̄2:

Θ̄A
1 ≡

{
θ̄ ∈ Θ̄1| α > β, η < 1

}
, (40)

Θ̄B
1 ≡ {

θ̄ ∈ Θ̄1| α > β, η > 1
}

, (41)

Θ̄C
1 ≡

{
θ̄ ∈ Θ̄1| α < β, η < 1

}
, (42)

Θ̄D
1 ≡ {

θ̄ ∈ Θ̄1| α < β, η > 1
}

, (43)

Θ̄A
2 ≡

{
θ̄ ∈ Θ̄2| α > β, η < 1

}
, (44)

Θ̄B
2 ≡ {

θ̄ ∈ Θ̄2| α > β, η > 1
}

, (45)

Θ̄C
2 ≡

{
θ̄ ∈ Θ̄2| α < β, η < 1

}
, (46)

Θ̄D
2 ≡ {

θ̄ ∈ Θ̄2| α < β, η > 1
}

. (47)
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Figure 7: The parameter space for δ=0.065, κ=0.0265, ρ=0.03 and σ=4.
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Proposition 6 If the parameter values θ̄ ∈ (
Θ̄A

1 ∩ Θ̄A
2

) ∪ (
Θ̄D

1 ∩ Θ̄D
2

)
, there is a neighborhood of

the balanced growth path in which there exists a unique competitive equilibrium.

Proof: Follows directly from Propositions 3 and 5. ¥
In Figure 6, we set the values of δ = 0.065, and ρ = 0.03, fix the intertemporal elasticity of

substitution to σ=4, and vary the magnitudes of both external effects β and γ. The per-capita

rate of output growth is set to κ = 0.0265, which approximates the average per-capita growth rates

between 1997 and 2006 in the United Kingdom, at 0.0241; Australia, at 0.0243; Canada, at 0.0251;

Chile, at 0.0264; Turkey, at 0.0267; Pakistan, at 0.0271; Spain, at 0.272; or Sweden, at 0.0280 (see

Figure 5). In the upper two and lower two panels we set the population growth rate to n = 0.0125,

the share of physical capital to α = 0.35 in the upper and lower panels, and to α = 0.5 in the lower

two panels. In the middle two panels we set the rate of population growth to n = 0.015. In the

panels on the left-hand side, we set the rate of depreciation in the human capital sector to ε = 0,

and to ε = 0.05 in the panels on the right-hand side. What emerges in each of the six panels is

that given this high rate of intertemporal substitution, interior balanced growth paths only emerge

if there is at least some curvature in human capital production at the private level. How much

curvature is required, depends directly on both the rate of depreciation in that sector and the

population’s growth rate, and inversely on the magnitude of returns to scale at the social level in

the production sector. By contrast, the relative share of physical capital in the production process

has only a small impact on the admissible range of parameters that support balanced growth, but

once again substantially affects the model’s dynamic behavior.

Consider the left-hand panels of Figure 6, where ε = 0. For both instances where n = 0.0125,

balanced growth only emerges if the value of γ surpasses 0.0896, and then only if there are no

external effects in the production sector. Raise the population growth rate to n = 0.015, and

this threshold rises to 0.1840. Furthermore, in the absence of any depreciation in the human

capital sector, the degree of concavity we must introduce to ensure the existence of balanced

growth rises steeply, as we increase the size of β. Contrast this with the behavior of the model

if we introduce a degree of depreciation in the human capital sector. First, the threshold value

of γ drops precipitously, to only 0.0310 if n = 0.0125 and to 0.0637 if n = 0.015. Second, these

thresholds no longer rise quite so dramatically as the values of β increase.

We can further see the trade-offs between concavity at the private level in the production of

human capital, and the rate of depreciation in that sector, in the quasi-concave relationship between

ε and γ in the panels of Figure 7 that correspond to the necessary condition for ν > 0 in (33).

Again, there is a striking contrast between the required degree of concavity or depreciation, or

combination of both, that support interior balanced growth paths for n = 0.0125 and n = 0.015.
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Figure 8: The parameter space for δ=0.065, κ=0.0265, ρ=0.03 and σ=2.
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Figure 9: The parameter space for δ=0.065, κ=0.0265, ρ=0.03 and σ=2.

22



Rewriting the definition of Θ̄1 in (37) in terms of a bound on the curvature parameter γ:

Θ̄1 ≡
{

θ̄ ∈ Θ̄| γ >
(1− α + β)((n + κ− ρ)σ − κ)
((1− α + β)ε + (1− α)κ)σ

}
, (48)

if β = 0, the terms 1-α in the numerator and denominator of (48) cancel, and the parameter α no

longer appears. Hence the corresponding panels in the uppermost and lowermost left-hand panels

of Figure 6, are identical. However, if the value of β rises to 0.4, (48) does change slightly between

the upper right and lower right panels of Figure 7, for different values of α. For n = 0.0125, and

ε = 0, the lower limit for γ is 0.1448, if α = 0.35; and 0.1613, if α = 0.5. The differences for

ε = 0.05 are smaller still, 0.0358 and 0.0369 for α = 0.35, and α = 0.5 respectively. It is in the

local dynamic behavior of the model in the region of the balanced growth paths, rather than the

conditions for the existence of the balanced growth path, where the value of α is decisive.

Returning to Figure 6, the set of parameters θ̄ ∈ Θ̄ that support unique saddle path equilibria

are confined to the subsets Θ̄A
1 ∩Θ̄A

2 and Θ̄D
1 ∩Θ̄D

2 , and these areas are separated by the set Θ̄B
1 ∩Θ̄B

2

that expands both to the left and right to cover a wider range of values for β, as α increases. In

Figure 7, the regions of the parameter space that correspond to balanced growth paths as both γ

and ε vary along the unit interval all correspond to Θ̄A
1 ∩ Θ̄A

2 , if β = 0. By contrast if β = 0.4, and

α = 0.35, the relevant region corresponds to Θ̄D
1 ∩Θ̄D

2 . In either case, the addition of a combination

of external effects and depreciation is sufficient to guarantee saddle path stable equilibria and unique

interior balanced growth paths. Only if the share of capital in production exceeds the size of the

external effect in that sector, and both are quite high (α = 0.5, β = 0.4) do all interior balanced

growth paths correspond to the parameter subspace Θ̄B
1 ∩ Θ̄B

2 in the lowermost right-hand panel

of Figure 7. Here the parameters that correspond to balanced growth paths are associated with

locally unstable dynamics—solutions that satisfy (5)—(8), but involve non-steady state ratios of

physical to human capital will correspond to dynamic paths that violate (9) and (10).

Despite this last restriction the two-sector endogenous growth model does accommodate in-

tertemporal elasticities of substitution at the upper bound of estimates we find in the empirical

literature, and still generate valid balanced growth paths characterized by saddle path stable local

dynamics for relatively high rates of population growth, provided the human capital accumulation

process is augmented by small degrees of external effects and depreciation. In Figures 8 and 9 the

intertemporal elasticity of substitution is set at σ = 2. Here the model can easily accommodate

rates of population growth in the range of n=0.0175 to n=0.02, as long as the values of γ and ε

are above relatively small thresholds.

In Figure 8 the range of parameter values covered by Θ̄A
1 ∩Θ̄A

2 and Θ̄D
1 ∩Θ̄D

2 , that which supports

steady state growth and saddle path dynamics, is slightly large than in Figure 6. In the panels in
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the upper two rows the subspace that seperate them is Θ̄C
1 ∩ Θ̄C

2 rather than Θ̄B
1 ∩ Θ̄B

2 , but again

corresponds to growth paths charactorized by unstable dynamics. In the last row with α = 0.5,

Θ̄C
1 ∩ Θ̄C

2 , is of measure zero, corresponding to the points where β = 0.5. Hence all the steady

state growth paths in this case are generically saddle path stable, and all the areas corresponding

to steady state growth in Figure 9 fall into the category of Θ̄A
1 ∩ Θ̄A

2 in the left hand side panels,

or Θ̄D
1 ∩ Θ̄D

2 in the right hand side panels.

7 Conclusion

The Uzawa-Lucas two sector endogenous growth model accommodates two important observations:

there are large differences in the rental rates for human capital (wage for a given skill level) across

countries, and also differences between the growth rates of physical and human capital within each

country. Hence arises the need to understand precisely what combinations of parameter values and

steady state growth rates the model can and cannot accommodate.

Unfortunately, the usefullness of the model in its original form, is somewhat hampered by its

inability to accommodate preferences characterized by high intertemporal elasticities of substitu-

tion, particularly if the rate of population growth is high as well. By including external effects

and depreciation, we remedy this problem—the Uzawa-Lucas two sector endogenous growth model

can accommodate a far wider range of parameterizations than previously thought. Hopefully, with

this full set of necessary and sufficient conditions that guarantee the existence of unique interior

balanced growth paths, and saddle-path stable local dynamics in hand, applied macroeconomic

theorists will be able to put the model to use in many more contexts as well as extend it still

further. Furthermore future studies in the empirics of growth now have a model more general and

flexible to estimate and test.

8 Appendix

8.1 If α = β

Define the subsets of {Θ1,Θ2}:

ΘD
1 ≡ {θ ∈ Θ1|n + (η − γ) ν − εη < ρ <

(
1− η + αη

α

)
(n + δ + (1− γ) ν − ε) and α = β},

ΘD
2 ≡ {θ ∈ Θ2|

(
1− η + αη

α

)
(n + δ + (1− γ) ν − ε) < ρ < n + (η − γ) ν − εη and α = β},

ΘE
2 ≡ {θ ∈ Θ2| ε < (1− α) (n + δ)+ (1− γ) ν and α = β}.
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Corollary 1 If α = β, the necessary and sufficient condition for the existence of an interior

balanced growth path is: θ ∈ ΘD
1 ∪

(
ΘD

2 ∩ΘE
2

)
.

Proof: If θ ∈ {Θ1, Θ2} then u∗ ∈ (0, 1). If α = β, then k∗ = (1−(1−α)η)(n+δ+(1−γ)ν−ε)−α(δ+ρ)
(1−α)(1−η) and

c∗ = (1−α)(n+δ)+(1−γ)ν−ε
α . If θ ∈ ΘD

1 ⇒ η < 1 and k̃∗ > 0 iff ρ <
(

1−η+αη
α

)
(n + δ + (1− γ) ν − ε).

This in turn implies (1− α) (n + δ) + (1− γ) ν − ε > 0 ⇒ c̃∗ > 0. If θ ∈ ΘD
2 ⇒ η > 1

and k∗ > 0 iff ρ >
(

1−η+αη
α

)
(n + δ + (1− γ) ν − ε). If θ ∈ ΘE

2 ⇒ η > 1 and c̃∗ > 0 iff

ε < (1− α) (n + δ)+(1− γ) ν. ¥

8.2 The linearized dynamic system

The non-linear dynamic system is linearized:

J11 = σ
(
αk̃∗α−1 − ρ

)
− ϑ

(
(1−γ)ν

α − 2 c̃∗

k̃∗

)

J12 = α (α− 1)σk̃∗α−1 − ϑ c̃∗

k̃∗

J21 = (ϑ− 1) c̃∗

k̃∗

J22 = αk̃∗α−1 − ϑ (1−γ)ν
α

Along the Balanced Growth Path: σ
(
αk̃∗α−1 − ρ

)
= ϑ

(
(1−γ)ν

α − c̃∗

k̃∗

)
, substituting ϑ = 1−α+β

α−β
α

1−α

and rewriting in terms of parameters using

c̃∗

k̃∗
=

[
ρ− (1−α+β)(α−1/σ)

(1−α)(α−β) (1− γ) ν
]

(α−β)
α(1−η) we get J in (30) in Section 4.
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